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ON INTEGRABLE NATURAL HAMILTONIAN SYSTEMS ON THE
SUSPENSIONS OF TORIC AUTOMORPHISM.
VLADIMIR S. MATVEEV
Abstract: We correct a mistake in the main statement of [4].
We consider Mn+1 = T n × R. We think that the torus T n is equipped with the standard
2pi−periodic coordinates x1, ..., xn; together with the standard coordinate xn+1 on R we
have then a coordinate system on M . We take a matrix A ∈ Mat(n, n,R) and consider
the n× n-matrix Q(xn+1) = (Q(xn+1)ij) given by
Q(xn+1) = exp(xn+1A)
texp(xn+1A),
where “t” stays for “transposed”. This is a positively definite symmetric matrix. Next, we
consider the Riemannian metric g on M given by
g =
n∑
i,j=1
Qijdxidxj + dx
2
n+1
and a smooth function V = V (xn+1), which will play the role of the potential energy. We
assume that V is periodic with period 1, i.e. V (xn+1 + 1) = V (xn+1). This in particular
implies that the function has a minimal and a maximal values which we denote by Vmin
and Vmax.
We consider the natural Hamiltonian system on T ∗M with H(p, x) = 1
2
∑n+1
i,j=1 g
ijpipj + V ,
where p1, ..., pn+1 are the momenta corresponding to the coordinates x1, ..., xn+1. For every
h ∈ R, we denote by Eh the set
Eh := {ξ ∈ T
∗M | H(ξ) = h}.
Each Eh is invariant with respect to the Hamiltonian system. The set Eh for h < Vmin
is empty. For each h such that Vmin ≤ h < Vmax, the set Eh consists of infinitely many
connected compact components.
Theorem 1. For every h such that Vmin ≤ h < Vmax the restriction of the Hamiltonian
system to any connected component of Eh has zero topological entropy.
Remark 1. Theorem 1 evidently contradicts [4, Theorem 1.1(c)], from which it follows
that for almost every h ∈ [Vmin, Vmax] the restriction of the Hamiltonian system to any
connected component of Eh has positive topological entropy. The mistake in the proof of
[4, Theorem 1.1(c)] is hidden in the proof of the case 2 (see pages 316-317). There, F. Liu
and X. Zhang consider the invariant subset given by the condition p1 = p2 = ... = pn = 0.
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They claim that the Poincare mapping corresponding to the restriction of the Hamiltonian
system to this subset has positive topological entropy.
Careful analysis shows though that this claim is wrong. Indeed, in this situation the
Poincare map is the identical map, and its topological entropy vanishes. One can have
an impression that Liu and Zhang thought that every trajectory of this subsystem1, after
reaching the point xn+1 = s2, ‘jumps’ to the point xn+1 = s1, which is of cause not the
case. In fact, each trajectory returns along the same path with the reverse speed, and the
second intersection with the Poincare section, if it exists, coincides with the first one.
Note that the result of Liu and Zhang concerns the suspentions of toric automorphisms.
That is, they consider the action of the group Z on M generated by
φ(x1, ..., xn+1) = ((x1, ..., xn)exp(A)
t︸ ︷︷ ︸
n components
, xn+1 − 1).
The suspension of toric automorphism is the quotient M˜ = M/Z. Certain additional
assumptions onA implying that the metric g is well defined and that the topological entropy
is positive for h > Vmax are assumed in [4], see [4] for details. Since for h ∈ [Vmin, Vmax)
the projection of any connected component of Eh to M has the form T
n × [s1, s2], where
0 ≤ s2−s1 < 1, for any k 6= 0 the mapping φ
k = φ ◦ ... ◦ φ︸ ︷︷ ︸
k times
sends any connected component
of Eh to another connected component of Eh so that the procedure of taking quotient
identifies different connected components of Eh but does not affect the dynamic on the
components or the topology of the components.
Remark 2. The corrected version of [4, Theorem 1.1(c)] could be: for every h such that
Vmin ≤ h ≤ Vmax, the topological entropy of the restriction of the Hamiltonian system to
any connected component of Eh ⊂ M˜ is zero. For every h > Vmax the restriction of the
Hamiltonian system to any connected component of Eh is positive
2. For Vmin ≤ h < Vmax
this statement follows from Theorem 1. For h > Vmax, the statement was (correctly) proved
in [4]; in this case, the topology of Eh (the assumptions on A assumed in [4] imply the
exponential growth of the fundamental group of M˜) forbids zero entropy. The remaining
case h = Vmax can be obtained similar to the proof of Theorem 1, we explain it in Remark
3.
Proof of Theorem 1. The proof is similar to (actually, is easier than) the proof of
[3, Theorem 1]. In order to prove that the topological entropy htop vanishes, we use the
variational principle (see, for example, Theorem 4.5.3 of [2]):
1after an appropriate reparameterization, every trajectory has locally the form(
x1 = const1, ..., xn = constn, xn+1 = s, p1 = 0, ..., pn = 0, pn+1 = ±
√
2(h− V (s))
)
2As we already mentioned above, additional assumptions on A are assumed in [4]; these assumptions
imply that the entropy is indeed positive for h > Vmax (which is not the case for example if A = 0)
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htop = sup
µ∈B
hµ.
Here B is the set of all invariant ergodic probability measures on Eh and hµ is the entropy
of an invariant measure µ. Recall that a measure is called ergodic, if µ(B)(1− µ(B)) = 0
for all µ-measurable invariant Borel sets B.
Therefore, in order to prove Theorem 1, it is sufficient to prove that hµ = 0 for all µ ∈ B.
Fix one such measure and let Supp(µ) be its support (the set of x ∈Mn+1 such that every
neighborhood Uǫ(x) has positive measure).
We will use that our Hamiltonian system is Liouville-integrable: the n+1 functions p1, ..., pn, H
are integrals in the involution; as it will be clear from the formulas (0.1) below, their dif-
ferentials are linearly independent at almost every point of T ∗M .
Since the measure is ergodic, its support lies on a level surface of every invariant continuous
function. Then, Supp(µ) is included into a Liouville leaf Υ (Recall that a Liouville leaf is
a connected component of the set {(x, p) | p1 = c1, . . . , pn = cn, H = h}, where c1, ..., cn
are constants.)
We say that a point ξ ∈ T ∗M is singular, if the differential of the integrals p1, ..., pn, H are
linearly independent at this point.
Suppose at a point ξ ∈ Supp(µ) is not singular. Then, a small neighborhood U(ξ) of ξ in
Supp(µ)
• has positive measure in µ,
• contains only nonsingular points.
We will show that these two conditions imply that the entropy of µ is zero.
In order to do this, we consider the Poisson action of the the group (Rn+1,+) on TMn+1:
an element (a1, ..., an+1) ∈ R
n+1 acts by time-one shift along the Hamiltonian vector field
of the function a1p1+ ...+ anpn+ an+1H . Since the functions are commuting integrals, the
action is well-defined, smooth, symplectic, preserves the Hamiltonian of the geodesic flow,
see [1, §49] for details.
By implicit function Theorem, Υ is n+1-dimensional near ξ. Denote by O(ξ) the orbit of
the Poisson action of (Rn+1,+) containing ξ. Since it is also n+ 1-dimensional, in a small
neighborhood of ξ it coincides with Υ. Thus, U(ξ) ⊂ O(ξ).
The orbits of the Poisson action and the dynamic on them are well-studied (see, for exam-
ple, [1, §49]). There exists a diffeomorphism to
T k × Rn−k+1 = S1 × ...× S1︸ ︷︷ ︸
k
×R× ...× R︸ ︷︷ ︸
n−k+1
with the standard coordinates φ1, ..., φk ∈ (R mod 2pi), tk+1, ..., tn+1 ∈ R such that in
these coordinates (the push-forward of) every trajectory of the geodesic flow is given by
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the formula
(0.1)
(φ1(τ), ..., φk(τ), tk+1(τ), ..., tn+1(τ))
= (φ1(0) + ω1τ, ... , φk(0) + ωkτ, tk+1(0) + ωk+1τ, ..., tn+1(0) + ωn+1τ),
where ω1, ..., ωn+1 are constant on T
k × Rn−k.
We see that if at least one of the constants ωk+1, ..., ωn+1 is not zero, every point of U(ξ)
is wandering in Supp(µ) (see [2, §3 in Chapter 3] for definition), which contradicts the
invariance of the measure. Then, the entropy of µ is zero.
If all constants ωk+1, ..., ωn+1 are zero, the coordinates tk+1, ..., tn+1 are constant on the
trajectories of the geodesic flow. Since µ is ergodic, they are constant on the points of
Supp(µ). Then, Supp(µ) is (diffeomorphic to) the torus T k¯ of dimension k¯ ≤ k, and the
dynamics on Supp(µ) is (conjugate to) the linear flow on T k¯. Then, the entropy of µ is
zero, see for example [2, Proposition 3.2.1].
Suppose now that the point ξ is singular, that is, the differentials of p1, ..., pn, H are linearly
dependent at ξ. In the coordinates (p1, ..., pn+1, x1, ..., xn+1), the differentials of the integrals
are given by
dp1 = (1, 0, ..., 0, 0, ..., 0︸ ︷︷ ︸
n+1
)
...
dpn = (0, ..., 1, 0, 0, ..., 0︸ ︷︷ ︸
n+1
)
dH = (p1, ..., pn+1, 0, ..., 0︸ ︷︷ ︸
n
, dV (xn+1)
dxn+1
).
We see that the differentials are linearly dependent at ξ = (p, x), if and only if pn+1 = 0
and dV (xn+1)
dxn+1
= 0. Take a trajectory (p(t), x(t)) passing through the point ξ. At the
point ξ, in view of pn+1 = 0, we have
dxn+1(t)
dt
= 0. Since every point of the trajectory is
singular, at every point of the trajectory we have pn+1 = 0. Then,
dxn+1(t)
dt
= 0 at every t
implying xn+1 = const along the trajectory. Then, the support of the measure µ lies on
Eh ∩ {(p, x) ∈ T
∗M | xn+1 = const}.
Now, since dV (xn+1)
dxn+1
= 0 for xn+1 = const, the restriction of the Hamiltonian system to
Eh ∩ {(p, x) ∈ T
∗M | xn+1 = const} is actually (a subsystem of) the geodesic flow of the
flat metric
n∑
i,j=1
Qijdxidxj
on the torus T n = {x ∈ M | xn+1 = const}. Then, the entropy of µ is zero. Theorem 1 is
proved.
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Remark 3. Let us now discuss the case h = Vmax in the context of the corrected version
(see Remark 2) of [4, Theorem 1.1(c)]. At (p, x) ∈ EVmax such that V (x) = Vmax we
have p = 0. Then, the set EVmax ∩ {(p, x) ∈ T
∗M˜ | V (x) = Vmax} is an invariant subset
containing stable points only; in particular every invariant ergodic probability measure µ
on this subset has zero entropy. Now, consider the set {(p, x) ∈ EVmax | V (x) < Vmax}. The
set is invariant as the compliment to an invariant set. As we have shown in the proof of
Theorem 1, every invariant ergodic probability measure µ on this subset has zero entropy.
Finally, the topological entropy of the whole system on EVmax ⊂ T
∗M˜ is zero as we claimed.
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